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The energy of a graph is defined as the sum of the absolute values of al the eigenvalues
of the graph. Gutman (Acyclic conjugated molecules, trees and their energies, J. Math.
Chem. 1 (1987) 123-143) proposes two conjectures about the minimum of the energy of
conjugated trees (trees with a perfect matching), which are verified by Zhang and Li (On
acyclic conjugated molecules with minimal energies, Discrete Appl. Math. 92 (1999) 71—
84). This paper focuses on the trees of conjugated hydrocarbons and gives roughly the first
n/2 trees in the class in the increasing order of their energies.

1. Introduction

Chemists have known that the experimental heats of formation of conjugated
hydrocarbons are closely related to the total w-€electron energy. And the calculation of
the total energy of all w-electrons in a conjugated hydrocarbon can be reduced (within
the framework of the HMO approximation) [4] to

E(T) = [Ml + [Aal + -+ A,

where )\; are the eigenvalues of the corresponding graph. For an acyclic (or treg) graph
T this energy is also expressible in terms of the Coulson integral formula [4] as

2 [t
BT == [

where m(T', k) is the number of k-matchings of T. The fact that E(T") is a strictly
monotonically increasing function of al matching numbers m(T,k), £k = 0,1,
..., |n/2], provides us with a way of comparing the energies of trees. Thus a quasi-
ordering is introduced: if for two graphs G1 and G2, m(G1, k) < m(Go, k) holds for
al k> 0, wesay G1 ism-smaller than G, written as G; < G, or G2 = G1. G; and
G, are m-equivalent, written as G1 ~ G, if G1 X Go and G <X G1. If G1 < G»
but they are not m-equivalent, then G1 < Go. If neither G1 < G2 nor G2 < G1, then

n/2
1+ Z m(T, k)ka] dz,
k=1
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Figure 1. F,, and C,.

(G and G are said to be m-incomparable. By the monotonicity of E(T), if T3 < T>
for two trees Ty and T3, then E(T1) < E(T%), and E(Th) < E(1») if Th < T». For
the study of a quasiordering a number of results have been reached [2,5-9]. A typical
one [5], which we frequently use, is that if we denote by G U H the graph whose
components are G and H, then

PP, UP_ 2= PaUP_a> - = Py, UP_g = Poy1 UP_o,_1
=Py 1UP o411 == PasUP_3~= PLUP_q,

where P, is the path with ¢ verticesand [ =4k +r, 0 < r < 3.
For the case of minima energy, Gutman has put forward the following two
conjectures [3].

Conjecture 1. Among trees of n vertices which have a perfect matching, E(T) is
minima for the graph F,,, where F,, is obtained by adding a pendant edge to each
vertex of the star K, /5_1.

Conjecture 2. Among trees with n = 2m vertices which have a perfect matching and
whose vertex degrees do not exceed 3, E(T') is minima for the comb C,,, obtained by
adding a pendant edge to each vertex of the path P, (see figure 1).

He has also checked all the trees with a perfect matching less than sixteen vertices.

In [10], Zhang and the present author have verified the above two conjectures us-
ing the quasiordering relation <. And we went further to give the second smallest tree
and show that the third smallest is between two trees, which < fails to compare. That
tells us that we have reached a blind aley through the quasiordering relation < to order
the trees in terms of their energies in the class of trees with a perfect matching. It iscu-
rious enough, however, that in this paper afairly long series is determined in the order-
ing of trees with a perfect matching whose vertex degrees do not exceed 3. And the se-
riesis still open ended in the searching. The proofs are given in the following sections.

2.  Preiminaries

Denote by @,, the class of trees with n vertices which have a perfect matching
and by W,, the subclass of ®,, whose vertex degrees do not exceed 3. Let A(G) be
the largest vertex degree of the graph G.
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Figure 2. D,, and Bm.

Because the perfect matching of a tree 7' is unique, we denote it by M(T).
Let m = |M(T)|, Q(T) = L(T) — M(T), where L(T) is the edge set of T. De-
note by T the graph induced by Q(T), that is, T=1- M(T) — S, where S is
the set of singletons in T' — M(T). We call T the capped graph of T and T' an
original or uncapped graph of T. For example, figure 2 shows the capped graph
of D,,.

Each k-matching Q of T is partitioned into two partss Q = R U S, where
S C M(T) and R is a matching in 7. On the other hand, any i-matching R of T
and k — i edges S of M(T) not incident with R form a k-matching Q of T with
partition Q = R U S. From now on, when we say a k-matching of T including a
certain s-matching R of 7, it isin such a sense. This is our fundamental principle of
counting the k-matchings of 7.

For convenience we extend the meaning of m(G, k) by defining that m(G, k) = 0,
if k <0and m(G,0) =1. Sofor dl integers k € Z, m(G, k) is well-defined.

In W, the capped graph 7 of any tree T is unique and composed of disjoint
paths with altogether n/2 — 1 edges:

T=P,UP,U---UP,,, ia>1 a=12,...,r,

where r = ¢(T) is the number of connected components. And there is a unique set
E of M(T), cdled the set of linking edges, such that T + E forms a tree of the
same vertices as T (equivalently, 7' is incident with both end vertices of any edge e
in E).

Conversaly, for any graph U of digoint paths of length greater than O with
atogether m — 1 edges and a set £ of digoint edges such that U + E forms a tree
of the same vertices as U, there is a unique tree T" in W,,, formed by the principle of
attaching a pendant edge to each vertex of U + E except for the end vertices of the
edges of £. Then T = U and E is the set of linking edges. This process is shown
in figure 3. The unique tree T is denoted by T' = T'(U, F) and called the uncapped
graph of U with respect to E. Hence suitable 7' and E together are in one-to-one
correspondence with T'.

Let R be a matching of T, and t(R) the number of edges e in M (T) such that
both end vertices of each such e are incident with R in T. Denote by ﬂt(f, s) the
number of s-matchings of T incident with both end vertices of exactly t edges of
M(T), t > 0, where we define 5o(T,0) = 1, 3,(T,0) = 0if t > 0, B(T,s) = 0 if
s<0,t=0.
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Figure 3. An example of the determination of T'(U, E) by U, where r =5 and E = {e1, e2, €3, ea}.

Lemma 1.
m — 2s + t(R)

m(T, k) = > ( . > ke Z, 1)
0<s<k s
R is an s-matching of T

~ -2 t

- ¥ ﬁt(T,s)<m i ) ke Z, @)
O<s<k 0<i<m k—s

where a 0-matching is ) and () = O.

Proof. A k-matching Q of T' can be partitioned into two parts: Q = RU S, with
RCTand S C M(T). The number of such k-matchings Q with a fixed R is

<m — 25 +t(R)> |

k—s
which gives the first part of the equations. The second part is a straightforward
derivation of the first. O
Because .
Zﬂt(f,s):m(f,s), s € 4, (©))
we have =

Lemma 2. If m(T4, s) = m(Ts, s) and By(T4, s) > Bi(Ib, s) for t > 0, then Ty = To.
Also, T1 = T if one of the previous inequalities is sharp.

Proof. By lemma 1,

T k) —m@ k)= Y Y [6u(Tus) — (T s)] (mgzé‘—i-t)

— S
0<s<k O<tsm

> Y [Bu(Tus) - Bi(Tas)] @—is)

0<s<k 0<t<m
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~ ~ -2
= % () - m(Es)] ()
0<s<k -9
>0. O

Now we drop some edges E’ from E and concatenate some paths in U into one
by coalescing suitable pairs of their end vertices (by “suitable” we mean avoiding the
end vertices of edges in E — E') such that the graph U* of the resulting digoint paths
together with the new linking edges £ — E’ remains a tree. The process is shown in
figure 4, where r =5, E = {e1,ez,e3,¢ea}, E' ={e1,e3} and E — E' = {ep,e4}. In
the figure, we have concatenated P;,, P;, and P;,, respectively, at their end vertices
but avoiding the end vertices of e, and e4. We call the process a concatenation of U
and the resulting graph of digoint paths U* is called a concatenated graph from U
with respect to £ — E’. (In the figure, U* = P3 U P3 U Pg.) We have

Lemma3. T(U,E) = T(U*,E — E).

Proof. Wedenote T'(U, E) by T and T(U*, E — E') by T*. We note that the capped
graphs of T'and T are U and U™, respectively, and U and U* have the same edges.
If two edges are incident in U, so are they in U*. As aresult, any s-matching R of
U* isdso an s-matching of U. Therefore U >~ U*, since there is a 2-matching of U
which is a not a matching of U* at al after the concatenation. In addition, if both
end vertices of an edge e of the unique perfect matching M (1) = M (T™) is incident
with two edges of a matching R of U*, s0 is it with the same two edges of R of U
on the grounds that the concatenation does not change the status of the end vertices
of £ — E’, to which e belongs. (The rea difference between M (T) and M(T*) is
that none of the edges in E’ is a pendant edge in T', while any of the edges in E’ is
in T*.) Consequently, t(R) in T™* is no larger than ¢(R) in T. Findly, using the first
part of the equations in lemma 1, we get T* < T. a

Next we show some orderings within the class of graphs whose capped graphs
are composed of just two paths.

P;
e/% F;, F;, F;,
L L 4 \ 4 4 . & ®
[
U 161 €4T — . ezl ] * o0
£3 l Pz'a Piq
Piub ® Pz’ U

Figure 4. An example of the process of concatenation of the graph U, where r =5, E = {e1, e, €3, ea},
and E' = {61, 63}.
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3. Trees of 2-component capped graphs

Let Pp = 0, Jg =P,UP, Po=u1- Uy, Pp=v1---0p, a+b=c>0,
0 <a < |¢/2] =q. Define m(J¢,,k) = m(P-1U P.y1,k) =0, k € Z. Denote
T¥(a) = T(Jg, usv;) (we simply use the symbol w;v; for {u;v;} where there is no
confusion), 2< a < [¢/2], 1<i< [(a+1)/2], 1<j<[(b+1)/2], and i = p(q)
instead of “i equals p modulo ¢”.

Theorem 4.
1) Jf=I§< == R Jg =I5 <TG

(D TE(L) < TEB) < v = o0 = e < TE(8) < TEy(2), where T (1) =
T(J§, ugvr) = T(J§ L, 0) is aso denoted by C.._;.

Explanation: the series of (2) in this theorem is of the form 77 (7)) which is
formed by omitting the ith and the (: + 1)th teeth of the comb C,, 11 with i ranging
from 1 to [(1/2)(m + 1)|. It is partitioned accordingly as whether 7 is odd or even.
The odd part goes increasingly with i and the even part follows the odd part going in
the inverse order of i. The series of (1) in this theorem is ordered in the same way,
that is, accordingly as whether ¢, the subscript of J¢ ranging from O to |¢/2], is odd
or even. The odd part goes increasingly with ¢ and the even part follows the odd part
going in the inverse order of .

Before proving this theorem, we need two lemmas.

Lemmab. Let e = uv be an edge of a graph G, then

m(G, k) =m(G —e, k) + m(G —u—v,k—1), ke 4
The proof of this lemma can be found in many graph theory textbooks.

Lemma 6. Let G and H be two graphs. Denote by G(u)H (v) the graph aobtained
by coalescing the vertex » of G and the vertex v of H. Suppose v and v are not
singletons. Then

m(G U H,k) = m(Gu)H (@), k) + Z m((G —u—w)UH —v—v;),k—2),

uu; €EG,
vvjeH

keZ. ®)

Proof. The k-matchings of G U H are partitioned into two parts: those incident with
both « and v, and those not, whose numbers are just the two terms on the right hand
in the above equation. a
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Proof of theorem 4. By the above two lemmas,
m(Jf,s) —m(Jfp, 5)
=m(P; U P, s) = m(Pi—2U Pe_j12,5)
M0 Py 2 U Pei 9,5 —2) — m(Pr_a U Pe_i, s — 2)
lemma 6 { m(PU P._2i12,8 — i+ 2) — m(PoU Pe_2i1a,s — i+ 2), i=0(2),
m(P3U P, _213,s—i+3)—m(PLUP,._2.5s—i+3), i=12),
—m(PLUP._2i41,s — 1+ 1) = —m(P.—2i4+1,s — 1+ 1) <0,

lemma 6 lemma 6

lemmas 5, 6 i = 0(2), ©6)
m(PLU P 2i41,8 — i+ 1) = m(Pe2i41,8 —1+1) >0,
1= 1(2),

1<i<q=|c/2|, s € Z. When s =i — 1, the last inequdlities in (6) are sharp.
And likewise,

m(Jgr8) = m(Jg-1,9)

=m(FPy U Pe_y,8) — m(Py—1U Pe_g41,9) lemmat  lemmaé
lemma 6 [ MU(P2U Pe—2q12,8 — ¢+ 2) = m(PLU Pe—2443,5 — ¢ +2)
B { m(PLU Pe_2q41,8 —q+ 1) —m(PoU Pe_2442,5 —q+1)
lemmas 5, 6 {m(PCZ(I! s—q) >0, q = 0(2),
—m(FPe—2¢:s —q) <0, ¢=1(2),
When s = ¢, these inequalities are sharp. Thus (1) holds.
To show (2), it suffices to show, by lemma 2, that

B(TEa0) - (-2 { S0 1239 a<i<asez

s€ 4. @)

and

T e = 0, q= 0(2)!
B1(T51(q), s) — Br(T51(q — 1), 5) {g 0, ¢=1(2), s € Z,
61(Ce—1,8) = 0. (Thisis evident.)
Now R R
ﬂl(Tfl(ZL 5) - ﬂl(Tfl(Z - 2)! S)
=m(Pi2U Pe—j—2,5—2) = m(P;—4U Pe_j, s — 2),
Bu(TEa(a),s) — Bu(TEalg — 1), s)
= m(Pq,z U Pc,qu, s—2)— m(Pq,;; U Pc,q,]_, s—2).
Applying (6) and (7), we obtain the desired resuilt. O

Theorem 7. T741(2) < T13(3), ¢ > 8.
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Proof. We count the difference between the numbers of the k-matchings of the two

graphs:
m(Ti3(3), k) — m(T11(2), k)
:m( ,k>m<l—‘—‘—w,k>
c—6 c-3

S [ (L] 1) UCeg k) +m (L1 UCoU Cog bk — 1)]
— [m(L 1 1JUCe e k) + m(L_ 1 JUCer, bk —1)]

IemQaS [m(Cg UCyUC, g k) + m(I_I_. UCi1UC._g, k — 1)]
+ [m(Cz UCoUC._7,k — 1) + m(Cz UChUCe_7,k — 2)]
— [M(Ps U C2U Ceg, k) + m(Co U CLU Ceg, k — 1)
— [m(Cz UCoUC._7,k — 1) + m(P3 UC1UC._7,k — 2)]

1S [ (Ps U Co U Ce_g, k) +m(C1 U C1U Co U Ceg, ki — 1)
+ [m(Cz UC1UCeg, k—1)+m(C1UCLUCe_p, k — 2)]
+m(CoUCLUCe_7,k —2) — [m(P5 UC2UCe_g, k)
+m(CoUC2U Ceg, k — 1)] —m(CoUC1UCeg, k —1)
—m(P3UCrUC._7,k —2)

lemma5

= m(ClLJClUCQUCC_e,k— 1) —i—m(ClUClUCc_e,k‘ — 2)

+ [mPsUCLUCer, k —2) + m(C1UCLU Co_7,k — 3)]
— [m(Cl UC1UCLUC. 6,k—1)+m(CoUCr g,k — 2)]
—m(P3UC1UC._7,k —2)

lemma 5

m(CrUCLUCe_g, bk —2)+m(CrUCLUC._7,k — 3)
— [m(C1UC1U Cg,k — 2) + m(Ce—g, k — 3)]

lemma5

= [m(Cl UCe—7,k—3)+m(C1UC._7,k — 4)]
— [m(Cl UCe_7,k—3)+m(Co_g, k — 4)]

M2 [ Co7, b — 4) + m(Cov, k — 5)] — m(Cg, k — 4)

I [m(C1 U Cog b — &)+ m(Coms, k= 5)] +m(Co-7,k — )

- m(0678! k - 4)
MRS L (Crg, k — 4) + m(Ce_g, k — 5)] + m(Ce_o, k — 5)
+m(Ce_7,k —5) — m(Co_sp,k — 4) >0,

where m(C._g, k —5) = 0if ¢ = 8, and at each step the underlined terms are canceled

out. When k£ = 5, the fina inequality is sharp.

O
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We proceed to give other total orderings.

Theorem 8.
(1) Tfy(a) = Ti(a) < -+ <o < Ty(a) < Tfp(a), and

7

(2 T1(a) < T5(a) < -+ < < Tf;(a) < T3 (a).

The orderings are similar to those of theorem 4. See the explanation after that
theorem.
The proof cals for more preparation.

Lemma 9.
D |m(Jg,s) — m( g_z,s)‘ > |m(Jg+l,s) —m(Jg_l,s) ,
1<a<qg-1, s€Z (8)

When s = a — 1, the inequality is sharp.

2 ‘m(Jg,s) — m(chfz,sﬂ > |m(J§,s) - m(Jgfl,s)‘, c=12), se Z. 9

When s = g — 1, the inequality is sharp.

Proof. (1) By (6),
m(Jgs) =m(Ji-2)|

a
=m(P._2411, s —a+ 1) =m(Pe_2q,8—a+ 1)+ m(P._2q_1,5 — a)
= m(Pe—2a,5 —a+ 1)+ |m(J5 1, 8) —m(J_1,8)]

> ‘m(JacH,s) —m(Jc,1,3)|, 1<a<qg-1, seZ

a

When s = a — 1, the inequality is sharp.
(2) By (6) and (7),
m(Jg,s) =m(Jg-z:s)| = [m (T, 8) = m(Jg_1,5)]|
= m(Pc—Zq-i—L s—q+ 1) - m(Pc—qu S — Q)

-1, s=gq, c=02),
= { 1, s=q—1,

0, otherwise,
>0, c=12.

And when s = ¢ — 1, the inequality is sharp. O

Lemma 10. Let

'Yc(a! 5) = m(Pa—l U Pc—a+l1 3) + m(Pa U Pe_q, 5)1
c+1

Ogag{ er,c}O,sEZ.
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Then
’YC(O! S) < 76(21 5) S N 76(3! S) < 76(11 5)!
and for each of the inequalities, there is an s to make it sharp.

The ordering is similar to those of theorem 4 but in the inverse direction. See
the explanation after that theorem.

Proof. Case 1: ¢ = 0(2). Inthiscase, r = [(c+ 1)/2] = |¢/2] = ¢q. By (8) and
theorem 4 we have that, if a = 1(2),

~v(a,s) —¥(a — 1, ) :m(Jg,s) — m( Py S) > m(Jacfl,s) — m( ngl,s)
=7%a,s) —v(a+1,s) = 0.
Hence

V(@ +1,8) — 7@~ 1,8) = [4a,5) — 7@~ L8)] — [¥(a,8) — 7 (a+ 1,8)] >0,

1<a< EJ-l:q—lzr—L s€Z,

and when s = a — 1, the inequality is sharp.
If a =0(2),

v(a — 1,8) — ~v(a, s) = m(Jg_z, s) — m(Jg, s) > m(J§+l, s) — m( 1 s)
=7(a+18)—7%a,s) = 0.

Again,

(@ —1,5) = 7(a+1,5) = [y(a —1,5) —v%(a,s)] — [+*(a+1,5) —7%(a,5)] =0,

1<a< EJ—lzq—L s€ Z,

and when s = a — 1, the inequality is sharp. In addition,
’YC(T’ S) - ’70(7" - 11 S) = m(']ﬁ! S) - m(chz, S) g 0 (2 0)! r= 0(2) (T = 1(2))1

T

and by (6), s = r — 1 gives sharp inequalities.

Case2: c=1(2). Inthiscase, r =q+1, c=7r+r—1, y(r,s) = m(J:_q,5)+
m(J;_1,5). By (7),

Y(r,s) = v(r = L, s) =m(Ji_1,8) —m(J5_ps) = m(Jg, s) — (Jg_l, s)

>0(<£0, r=12 (7“ = 0(2)).

When s = ¢ = r — 1, the inequdity is sharp.
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By (9), if » = 0(2),

Y, 8) = (r = 2,8) = [v°(r — 1,8) = °(r — 2,8)] — [v°(r — L,8) = 7°(r, 5)]
=m(Jgs) =m(Jg_z:8) = [m(Jg_1,8) —m(Jg,s)]
>0, seJZ,

and when s = ¢ — 1, the inequality is sharp. If » = 1(2), by (9),

V(= 2,8) =7 8) = [0 = 2,8) =70 = L,8)] = [1°(ri8) =7 — 1,5)]

= (Jg_5) —m(J5s) — [m(JGs) — m(J5_a,5)]

>0, seZ,

and when s = ¢ — 1, the inequality is sharp. The rest of the argument is the same as
in case 1. O

Proof of theorem 8. Clearly, m(T¢;(a), s) = m(T¢,(a), s). On the other hand,

Bu(Teia)s)= > [mlP2U Pa iy 6) +m(PiiqUPai1,0)]

b+A=s—2
X [m(Pj—2U Ppj, \) + m(Pj—1U Py_j_1,))]

= Y -1 -1, seZ (10)
b+A=s—-2

By lemma 10, we have
B1(Tf(a), s) < Bu(Tisa),s) <+ < - < Pr(TEqla), s) < B1(T(a), 5)
and
B1(TE (), s) < Bu(T5(a) s) < - < - < Bu(T55(a), s) < Bu(T5,(a), ).
Thus, by lemma 2, we get
Tii(a) 2 Tis(a) X - = - X Ty(a) 2 T p(a)
and
Tf,j(a) = T\’;j(a) R S Tzij(a) = Tzc,j(a)-

The sharpness of the strict quasiorderings is derived from the fact that in (10), there
is a least one term satisfying the strict inequality relation with its corresponding term
for different i or j, which is guaranteed also by lemma 10. For instance,

Y726 — 1,002 — L,A) > "3 — 1,01 3 — 3, N),
if \=37—3=0(2),
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which ensures

B(TE (@), i — 1) > Bu(TF; ola).j — 1), if j =1(2).
Thus, by lemma 2, T¢(a) = T7;_5(a), j = 1(2). O

Theorem 11. Suppose 5 < a < b. Then
Ti3(a) = T54(a), a=1(2),

or Tto(a) < T51(a),  a = 0(2).

Proof. By (10),
Bi(Tisla)s) = > 7" 720,00 7220,

b+A=s—2

Bi(T5a(a),s) = > 72270\,

b+A=s—2

B1(T55(a), 5) — B1(T51(a), 5)

= > HO RN — AR AH0N)]
S+A=s5—2

= > [AH08(H2 N —1H0N)

O+A=s—2
— (v*7(2,8) = v*7%(0,8))7" (0, V)] .
But
Y220 =0 = [HLA) =4 E0N] - [YPA ) - AR
=m(J; % N) = [m(Jg %) —m(J37% )]
=m(Py—3,\) — m(Py_5,A —1) (by (6))

=m(Py—a, A). (11
Likewise,
1, 6=0, a =5,
7972(2,8) — v7%0,8) = { 0, 5#0, a=05,
m(Pa—41 é\)! a > 51
=m(Pa-4,6). (12)

Substituting them into the above equations, we get
B1(T54(a), s) — B (T5(a), 5)

= S [ 20,6m(PyaN) — m(Paa 6130, 0)]
6+A=s—-2
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= Y [m(Pa2, 8)m(Py—4,6) — m(Pa—s, S)m(Py—2, N)]
6+A=s-2

=m(Pa—2U Py_s,5 —2) —m(J=§,s - 2)
B m(Js:g,sz) fm(Jg:S,sz), b>a+ 2
N m(JaC:g, s—2)— m(Jg:S, s—2), b=a+1,
<0, a=0(2),

by (6) and (7).
>0, a=12),

And there obviously exists an s for each inequality to be sharp. The theorem holds
by lemma 2. O

Theorem 12. When b > a = 4, Ty 3(4) < T5,(4).
Proof. By (10),
Bi(Tis@).s) = > 720,61 42.N),

S+ A=s5—2

B(T5:4),s) = > YL 0,0

O+A=s—2
By (11) and (12),

B (Tts(4), 5) — A1(T54(4), 5)
= > [AO.0A2 N — ALY H0N)]

6+A=s-2

= Y [Y0.0)(" 22N = 17720, 1) — (v*(L6) — v*(0,8))7" (0, V)]
6+A=s-2

= Y [YO.OMPy-s, ) —m(J7,8)m(Jg % N)]
b+A=s—-2

= Y mPm(PaN)— > m(PLU Py 8)m(Poz, A)
+A=5—2 +A=5—2

_mIE s —2) —m(Jg3s—2), b>6,

a m(Jl,s—Z)—m(Jg’,s—Z), b=5,

<0.

When s = 3, the inequality is sharp. O

Theorem 13. When b > a = 3, T5,(3) = T5,(3), 1< 4,1 < [(b+1)/2].
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Proof.
Bi(T5@3)s)= Y. Lo 20-1

O+A=s—2
= Y [m(PLUPy,6) +m(PLU Py, 8)]4" (1 - 1,))
+A=s—2
> Y [m(Pr )+ m(P18)]4" 740, )
S+ A=s5—2
= Y [m(Pr8) + m(Pr,8)|m(J§ 2N
S+ A=s5—2
> 3 m( ) (2 + m( A )]
S+ A=s5—2
= > FONTHLN = D> AOMTEG-1N)
b+A=s-2 b+A=s—-2

= 61(T5;3). 5)-
And there is at least an s that makes one of the above inequalities sharp. Thus, by
lemma 2, T3, >~ Tfj(3). a
Theorem 14. Suppose ¢ > 10, then 77,(3) < T5,(5), 3<i < [(c—2)/2].
Proof. First of al, J§ < JE. Then
BUTEs) = > A0 T -LN) =7~ 15— 2)
b+A=s5-2
= m(P1UP i 4,5—2)+m(P2UP. ;352
o= 6 [m(Po—6,s — 2) + m(Pi_3U Pe_j_g,5 — 4)]
+ [m(Pc—Gf s — 2) + m(jji—4 UP.—i 55— 4)] )

A(T5:06).s) = . 2677200

O+A=s—2

= Z [m(PLU Py, 8) + m(PyLU P2, 8)|m(Po U Py_3, \)
+A=s—2

= Y [mPom(Py2, )+ m(P2, )m(Py-2, )]
b+A=s5-2

= m(PUP, 2,5—2)+m(P,UP,_52,s—2)

= m(PoUP._7,5s—2)+m(PoUP._7,5s—2)

lemma 6

20 [1(Pagy s — 2) + m(Pe—g, s — 4)]
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+ [m(P0761 s — 2) + m(P0791 s — 4):|
> Bu(TE3).s).
By lemma 2, T7,(3) < T5,(5). O

Theorem 15. Under the same condition as in the previous theorem, T7,(3) > T3, (5).

Proof.
m(Tf2(3), k) — (T§1(5), k)

(i) (T

c-6
lemma 5 m(_lj——uu C. s, k) +m(l__ 11UCe 7,k —1)
—m(CsU C,._g, k) — m( WWC_7,k — 1)
M5 [ (C3 U Co U Ce_g, k) +m(Ps U C1U Cg, k — 1)
+ [m(C2UCoU Co7,k — 1) +m(P3U C1U Co7,k — 2)]
= [m(C3UC2U Cog, k) + m(C2 U CLU Ce—g, k — 1)]
— [m(d_UCoUCe7,k —1) + m(C2U CLU Cez,k — 2)]
S [ (Co U CLU C g,k — 1) + m(P3U C1 U Co_g, k — 2)]
+m(CoUCUC, 7,k —1)+m(PsUuC1UC._7,k —2)
—m(CLUCLUC. g k—1)
— [(CUuCUC 7,k — 1)+ M(CoUCLUCo7,k — 2)]
— [mP3UC1UCecr bk — 2) + m(C1 U CLU Cer, k — 3)]

Iem;naS [

m(P3UCLUCLUCe7,k —2) + m(PsUCLUCe_g, k — 3)]
— [m(C1UCLUCLUCor,k — 2) + m(C1U Cov, k — 3)]
—m(CLUCLUCr k —T)

'S [(CLUCLUCLUC, 7,k —2) +m(CLUCLUCo_7,k — 3)]
+m(PsUCLUCo_g k —3) —m(CLUCLUCLU Co_z,k — 2)
— m(Cl UCe_7,k — 3) — m(Cl UChuCe_7,k — 3)

M8 [ (C1LU Ce 7,k — 3) +m(Ch U Ce_g, k — 5) + m(Cy U Ce_10, k — 5)]
—m(C1UC._7,k —3)

=m(CLUCe_g9,k —5) +m(C1UC._10,k —5) > 0.

In the above equations the underlined terms at each step are canceled out. When
k =5, we get the strict inequality. O
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Theorem 16. Suppose c > 14, then T5,(5) < T5,(2t + 1), t > 3.
Proof. By theorem 4, J§ < J5, ;.

B (f§1(5), s) = m(PaUP._7,5—2)+m(P2UP._7,s—2)
O [1(Pe—g, s — 2) + m(Pecs, s — 4)] + m(P2U Poz,s — 2)
Iemgasm(Pch, s —2)+ [m(Py—aUPpi55—4)

+m(Po_sUP. 2 _g,8— 5)] +m(P,UP._7,s8 — 2),

AT5aR+ D) = 3 *THRTITEON
S+A=5—2
— Z [m(PLU Py_3,06)
S+A=5—2
+ m(P2 U Pyy_3, 5)] m(Pe—2t-3,A)
= m(Pa—2U Pe—2t-3,5—2)
+m(PoU Py 3UP. 2 3,5—2)
lemma 6 [m(P.—6,5 — 2) + m(Pa—4 U Pe_p-5,5 — 4)
—+ m(P2 U P2t_3 U Pc—2t—3a s — 2)]

lemma 6

= m(Pe6,5—2) +m(Py-aUP. 2 5,5—4)
+ [m(Pz UP._7,8 — 2) + m(Pz UPy_s5UP._5_5,8— 4)]

lemma 5

m(Pe—6,5 — 2) + m(Pa—4U Pe_2t-5,5 — 4)
+m(P2U Pe_7,8 — 2) + [m(Pat—5U Pe_pt—5,5 — 4)
+ m(Po—5 U Pe_p—5,5 — 5)]

lemma 5

m(Pe_g, s —2) + m(Pa—4U Pe_p_5,5 —4)
+m(PU Pe—7,8 —2) + m(Py—5U Pe_2t-5,5 — 4)

+ [m(Par—5 U Pe_p1—6,5 — 5)

+ m(Pot—5 U Pe_pi—7,5 — 6)].

Bu(T51(2t + 1), 5) — B1(T541(5), 5)
=m(Py-sUP. 2 55—4)+m(Py sUP._2 7,5—6) >0

As aresult of lemma 2, T5,(5) < T5,(2t + 1). O

Theorem 17. When ¢ > 10, Tf3(5) =< Tf3(2t), t> 1
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Proof. By theorem 4, JS < J3,.
Bi(TEaB)s) = > 70,010 22N
b+A=s-2

= > m(Ps,8)[m(PLU P._g,)) + m(P2U P._g, ))]
b+A=s5-2
=m(P3UP, g, s—2)+m(P3UP,UP. 9,5 — 2),

and likewise,
B1 (ff,g(Zt), s) =m(Po—2U Pe_pi-3,8—2) +m(Por—2UPoUPe_p_4,5— 2).

Because 2t < ¢/2, wehavet < c¢/4. Andif 2t—2>c—2t—30r2t—2 > c—2t—4,
it implies 4t < ¢ < 4t + 1 or 4t + 2, which holds only when ¢ > 12,

Cael: 10< ¢ <12 Inthiscase, t < ¢/4 <3, 2t—2<c—2t—3, ad
2t — 2 < ¢ — 2t — 4, by the above argument. Thus

B1(T55(2), 5) = m(Pu—2U Pe—gt-3,5 — 2) + m(Py—2U PaU Pe_py_4,5 — 2)
:m(']zcz;sz’ 5= 2) + m(PZ U chz;ﬁz’s - 2)
>m(P3sUP,. g,5s—2)+m(PUP3UP,. g,5—2)

(c—8,c—9>0, 2t—2<2
= B1(T£4(5), ).
Case 2: ¢ > 12. In this casg,

B1(T¢4(5),s) =m(PsU Pe_g, s — 2) +m(P3 U PU Pe_g, s — 2)
:m(Jgfs,sz) +m(J§76UP2,872) (c—8, ¢c—9>3
<m(Pay—2U Pe_pp—3,5 —2)+ m(P2UPy_2U P._3_4,5—2)
= B1(T¢4(2t), 5),

forc—2t > 12—2t > 12— (c—2t) impliesc—2t > 6; hencec—2t—3 > ¢c—2t—4 > 2,

while Py U P._p_3 iseither J5; % or 5 5, and Py_p U Pe_p4 is either J5 5,

c—6
orJ. 5 4 O

Summing the above theorems up, the reader can deduce that 75,(5) has the
smallest energy among trees of two-component capped graphs after 77,(:), 1 <4 <
lc/2] and T¢,(3), 3<j < [(c—2)/2).

4.  The multi-component capped graphs and central results
Theorem 18. Suppose n > 18. If c(f) > 3, then

T - T5:(5), c==+1

n
2
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Proof. Concatenate 7' into T* so that ¢(T*) = 3 if ¢(T) > 3. It is feasible because
T together with the linking edges E forms a “tree structure” if we regard the paths as
vertices. And the tree structure has at least two pendant “vertices’. If we concatenate
the two “vertices’, paths of T actually, the number of the connected components
decreases. By lemma 3, T' >~ T*. Without loss of generality, we just consider T" with
3 connected components.

Suppose T = PyUP,UP,, f,g,h > 2, f+g+h =n/24+2 = c+1. Andlet P; =
wgug - ugp, Py =vivp---vg, Ph = wiwz---wy, and T = T(T,{uvj, vgwi}), 1<
i< (f+D/2], 1<j<k<g j<g-k+1 1<I<[(h+1)/2].

Case 1: Oneof ¢,7,lisnot 1, or k # g, that is, one of 4, j, k, [ is the subscript of
an inner vertex of Py, Py, P,. Without loss of generaity, we say j is an inner vertex
of P,.

(i) g > [¢/2]. Then f < [¢/2). If f# 3, by lemma 3,

T > T(Pf U Pg+h_1,uivj) = T(Pf U Pc_f,ul-vj) = T(Pf U Pc_f,ulvj)
=T1;(f) = Tis(f) G #1)
= T5.(f) = T5,(5), f=12) (theorems 11, 16),
= T13(5) = T5,(5), f=0(2) (theorem 17).

If f=3then (3% f+h—1<[c/2])

T=T(PyU Ppip-1,uv5) = T(Pryp-1U Pee ppy1, ui0;)
=T(Ppin-1U Pe_ppy1,u1vj) = T(Ppyp—1U Pep_py1,u1v3)
=Ti3(f +h—1)
=TS (f+h—1)=T5,05), f+h—1=12 (theorems 11, 16),

{> TE5(5) = T5,(5), f+h—1=0(2) (theorem 17).

(i) g < [¢/2]. Then, if g > 5,
T = T(Pn-1U Fy,uiv) = T(Py U Peg, vju;) = Tj (9) = T 4(9) = Tz41(9)

= Tis(g) = Ti5(8) = T§5,(5), g=0(2) (theorems 11, 17),
= T5,(9), g=1(2) (theorem 16).

If g =4, then

T = T(Pryn-1U Py, uvj) = T(Py U Peg,vju;) = 15 (9) = T51(9)
=1T51(4) = T13(4) = T{3(5) = T5,(5) (theorems 11, 12, 17).

If g=3,thenj =2

T=T(PyU Pe—g,vju;) = T5 (9) = T51(9) = T51(9) = 151(3) = T12(3)
~1T31(5) (theorem 15).



H. Li / On minimal energy ordering of acyclic conjugated molecules 163

Case2 i=j=1=1 k=g To begin with, we compare m(T,s) and

m(T54(5), s):

m(f§1(5), s) =m(PsU P,_5,8) = m(Jg, s).

For T, there are at least two of f, g, h which are no more than |¢/2|, say f and g. If
one of them, say f, is not three, then

m(f, s) = m(PyUP;UPy, 5) > m(PfUPyp-1,5) = m(PsUP,._s,s) = m(f§1(5), s).
If f=9=23, then
m(f, 5) 2= m(Ppyg—1U Py, s) = m(Ps U P._s5,5) = m(f{l(S), S).
In any case, m(T,s) > m(T5,(5), s) and m(T',2) > m(T%,(5),2). Next we compare
Bu(T, s) and B1(T54(5), s):
51(T51(5),8) = m(P2U P._7,5 — 2) + m(P2 U P._z,5 — 2),

B1(T,s) =m(P-2U Po_y_p,5 — 2) + m(Pu_p_2U Py_p,5 — 2)
2m(Pe—s,5 —2) + m(Pe—5,5 — 2)
= m(JSiS, s — 2) + m(Jgfs, s — 2)
> m(chfs, s — 2) + m(chfs, s — 2)
=m(P,UP._7,s =2 +m(P,UP._ 7,5 —2)
= B1(T54(5), 5).

When s = 3, i.e, s —2=2—1, by (6), m(J5 > s —2) > m(J5 > s — 2); hence
BT, s) > B1(T54(5), s). By lemma 2, T' = T5,(5). O

In summary, we have the following central resullt.

Theorem 19. For ¢ > 10,

<T35:05) < T,

where T is any tree in W,, not in the previous series.
For this ordering please refer to the explanation after theorem 4.

Consequently, we get altogether 2|(1/2)(n/2+ 1)| — 2 or, roughly, n/2 — 1 trees
preceding the rest in the class W, in the increasing order of their energies.
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5. Complementations

The last theorem in section 3 has the restriction of ¢ > 10. Now we will
complement the theorem to the extent of ¢ > 7, that is, n > 12. For the case n < 10,
there are existent total orderings. We note that essentially the restriction applies only to
theorems 7, 14, 15, 17 and 18. The following theorems correspond to these theorems,
respectively, for the cases of ¢ = 7,8, 9.

Theorem 20. T7,(2) < T7,(3).

Proof. The difference of the numbers of the k-matchings is

m(T{,@3), k) — m(T{1(2), k)

= (g ) it

=m( . 1JUCok)+m(L1 UCLUCk—1)

fm( UC’Z,k‘) —m(PsUCrk—1)
=m(l1 . UC1UCLk —1) —m(PsUCy, k — 1)
= [m(CoUC1UCyk — 1)+ m(CLUCLU Ch, k — 2)]

— [m(C2UCLUCk — 1) + m(PsU Cy, k — 2)]
=m(C1UC1UCLk —2)— m(P3UCy k—2)

A (P U Ca k — 2) + m(Ca, k — 4)] — m(PsU Cok — 2)

=m(C,k—4) > 0.

When k = 4, the inequdity is sharp. O
Theorem 21. Tf3(3) =< Tf3(4), Tf3(3) =< sz(s) =< sz(4), T172(3) =< Tf3(2).

Proof. Theorem 4 implies that fo(T75(3).5) < Fo(I55(4),s), Bo(T2,(3).s) <
Bo(T2,(4), 5), and Bo(T75(3), 5) < Go(I75(2), s). On the other hand,

B (T25(4), 5) — B1(T15(3), 9)
= [m(Cl UCy,s—2)+m(CrUCh,s — 2)]
— [m(Pg,s -2+ m(CrLUC1,s— 2)]
=m(CLUC1,s —2) —m(P3,s—2)
MRS [(Pa, s — 2) + m(D, s — 4)] — m(Ps, s —2) = m(ll, s —4) >0,

B1(T2o(4), ) = B(TP23). 5)
= [m(C’l UC1,s—2)+m(Cq,s — 2)} — [m(Pg,s —2)+m(Cq,s — 2)}
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=m(C1UC1,s —2) — m(P3,5 — 2)

lemma 6

= [m(P3,s —2) + m(, s — 4)] —m(P3,s —2) =m(,s —4) >0,

B1(T{5(2), s) — B1(T{2(3), 5)
=2m(C1,5 — 2) — [m(C1, s — 2) + m(D, s — 2)]
=m(C1,s —2) —m(D,s —2) > 0.

By lemma 2, we are done. O

Theorem 22. T,(4) < T7,(3).

Proof. For we have
m(T25(3), k) — m(T5(4), k)

() g
:m<L[§_luCg,k) +m(_ 110Gk~ 1)

—m(C%UCg,k)—m( IUCz,k—l)
= [m(1. 1 1UCsk) +m(l_ 1 ]UCsk—1)]
+ [m(C2U CoU Co, k — 1) + m(Ps U C1 U Ca, k — 2)]
— [m(J 1 JUCs k) + m(C2U CoU C3,k — 1)
— [m(d_UCUCok —1) + m(C1UCoU Co, k — 2)]
=m(._ 1]UCsk—1) +m(CoUCoUCok — 1)
+m(PsUCLUCa k —2) —m(Co U CoU Cg, k — 1)
—m( 1 UCUCsk—1) —m(CLUC2U Co, k — 2)
= [m(CoUCoUC3,k— 1) +m(PsUCLUC3, k — 2)]
+m(CoUCoUCyk—1)+m(PsUCLUCy k —2)
—m(CoUCaUCs,k—1) — [m(CoUCoU Co k — 1)
+m(CLUC2UCok —2)] = m(CLUC2UCok — 2)
=m(P3UC1UC3,k—2)+m(P3sUCLUCyk —2)
—m(C1UCrU Cok —2) — m(CLUCp U Ca, k — 2)
= [m(PsUCLUC1UCo, k —2) + m(P3UC1 U Ch, k — 3)]
+m(PsUCLUCa k —2) — m(C1 U CpU Ca, k — 2)
— [m(CLUP3UCok — 2) + m(CLUC1 U Ca, k — 3)]
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MRS [ 1(Co U CLU Co &k — 2) + m(Co U Ca, & — 4)]
+m(P3UCLUCLk —3) +m(P3UCLUCa k — 2)
—m(CLUCLUCk —2)—m(CrUP3UCo k—2)

— [m(CLUC1U P3, k — 3) + m(C1U C1U Cy, k — 4)]
=m(CoUCL,k—4)—m(CrUuCLUC1,k —4)
— [m(CLUCLU Crk —4) + m(C1, k — 5)] —m(CLUC1U C, k — 4)
=m(C,k —5) > 0.

When k = 5, the inequality is sharp. O

Theorem 23. T2,(4) < T2,(2), T2,(4) < T;(2).

Proof. By theorem 4, Bo(T5(4), s) < So(I54(2), s) and Go(IE5(4), s) < Bo(TE4(2), 5).
In addition,
B1(T5(2), 5) — Bu(TT5(4), 5)
= [m(P4, s—2)+m(PU P3, s — 2)] =2m(P, U Py, s — 2)
= [m(P2U Py, 5 —2) + m(PLU Py, s — 3)] + [m(P2U Py, s — 2)
+m(P,U Py, s — 3)] —2m(P, U Py, s — 2)
=m(0,s — 3) + m(P>,s — 3) >0,

B (T85(2),5) — Bu(TE(4), 5)
= [m(Ps,s —2) + m(PaU Py, s = 2) | — [m(P2U Pa, s — 2) + m(Po, s — 2)]
=m(P3,s —2) —m(P,s—2)>0.

By lemma 2, we are done. O

Theorem 24. If ¢(T) > 3, then T = T4(4) (c = 9), T = T8,(3 (c = 9), T »
T{,(3) (c = 7).

Proof. Case 1: Oneof i,j,k isnot 1, or k # g. Without loss of generality, we say
J isaninner vertex of F,.
(i) g > |c¢/2]. Then, if f # 3, by theorem 23,

Ti5(4),

T = T(Py U Pyyn—1,uivy) = Ti5(f) = Ti;(f) = { Tio(4) = T7,(3),
T13(2) = T{,(3),

o o o
Il
N oo ©
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If f=3,then f+h—1+#3; hence

Ti5(4),

C
T = T(Pryn-1U Pegrn-nu;) = § Tia@® = T12(3), ¢
T4 = T{,(3), ¢

9
8,
7

(i) g < |¢/2]. Inthiscase, g = 3,4, j = 2. If g = 4, by theorem 12 (in the
case c = 9),
T — T(Perh,]_ U Pg, uin) = T(Pg U Pc—ga Ujui) = TJC’Z(4) >~ TJC’1(4)
= { T{H(4) - T2,(3), c=8
If g = 3, then by theorem 22 (¢ = 9),

TEo(3) - Tia(d), c=9
T = T(Py; U Pe_g,vju;) = T51(g9) = T51(3) = ¢ T12(3), c=38,
17,(3), c=1T.

Cae2 i=j=1=1 k=g. For T, there are at least two of f,g, h which do
not exceed |¢/2], say f and g. If one of them, say f, is not three, then

N Ji, c¢=9,
T:PfUPgUPh>-PfUPg+h_1:J;§ J5, c¢=38,
J5, c=1.
If f=9=3, then
Ji, ¢=9,
T'=PUP,UP, = Pryg 1UP,=PUP, = jé;, ng,
y C=

On the other hand,
B1(T,s) =m(Pp_2UPef 2,5 —2) +m(Po_p_2U Py_2,5 — 2)

/Bl(if3(4)1s)! c= 91
>2m(P. 5,5 —2) > ﬂl(Tf2(3), 5), c=8,
P1(T54(2),5), ¢=7
Hence, by lemma 2,
Tf3(4), C = 9,
T > { T{o(3) = T2H(3), ¢=38, O
T{s(2) - T{,(3), c=7.

In the final analysis, we get
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Theorem 25.

T (1) < T{1(3) < T{1(2) < T{,(3) < T,
TPi(1) < T21(3) < TE1(4) < T91(2) < TH4(3) < T1,(3) < T,
TP1(1) < TP1(3) < Tr1(4) < T1(2) < Ti4(3) < Ti5(4) < T.

Remark. Another tree has been added to the series in theorem 19, that is,

Theorem 26. For ¢ > 11 (n > 20),

<T738) < Tis5(3) < -+ < -+ <+ <T76(3) < T14(3)
<T35:(5) < T15(5) < T,

where T' is any tree in W,, not in the previous series.
And

Theorem 27.
T (1) < T{1(3) < T{1(2) < T{5(3) < T41(3) < T{5(2) < T,
T2(1) < T3 < TE1(4) < T21(2) < T25(3) < T2,(3) < T2,(4) < T,
TP(1) < TP1(3) < Ti1(4) < T21(2) < T1a(3) < Ta(4) < Ti,(3) < T,
Ti9(1) < Ti(3) < T13(5) < T13(4) < Ti4(2) < Ti3(3) < T1a(d) < T33(5)
<T@ < T.

On balance, we get dtogether 2|(1/2)(n/2 + 1)] — 1 or, roughly, n/2 trees
preceding the rest in the class W,, in the increasing order of their energies.
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